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Abstract

The upper tail problem for subgraph counts has attracted a great deal of in-

terest over the years. This problem studies the asymptotic behavior of the log

probability of the event that a subgraph H appears a constant factor more

than its expectation in the Erdős-Rényi graph Gn,p. The problem has served

as a testbed for developments in the emerging field of nonlinear large devi-

ations, bringing together many areas of mathematics such as graph theory,

probability theory, functional analysis, statistical physics and topology. In

its development we see ideas from classical large deviations theory as well

as the introduction of many new tools such as Szemerédi’s regularity lemma,

graphon theory and high dimensional geometry. In this thesis we give an ex-

pository account of the recent progress made in this area, and also give new

results for random hypergraphs. Specifically, we develop an induced hyper-

graph method to prove a large deviation principle for counts of K
(k)
k+1 in the

k-uniform Erdős-Rényi hypergraph by reducing the upper tail problem to a

combinatorial optimization problem.
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2.2.2 Szemerédi’s regularity lemma . . . . . . . . . . . . . . . . . . . . 22

2.2.3 Counting lemma . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.3 Main result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.4 Proof sketch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.4.1 Upper bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

iv



CONTENTS

2.4.2 Lower bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3 Variational reduction in sparse regime 26

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.2 Matrix preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.3 Proof Sketch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.3.1 Illustration with K3. . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.3.2 Spectral counting lemma and refined argument . . . . . . . . . . . 31

4 Combinatorial reduction via entropic stability 32

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

4.2 Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

4.3 Illustration with K3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

4.4 Entropic stability of N(H,Gn,p) . . . . . . . . . . . . . . . . . . . . . . . 38

5 Solving the variational problem 40

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

5.2 Upper bound construction . . . . . . . . . . . . . . . . . . . . . . . . . . 41

5.2.1 Clique construction for regular graph . . . . . . . . . . . . . . . . 41

5.2.2 Hub construction for general graph . . . . . . . . . . . . . . . . . 42

5.3 Lower bound proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

5.3.1 Graphon reformulation . . . . . . . . . . . . . . . . . . . . . . . . 43

5.3.2 Finner’s inequality . . . . . . . . . . . . . . . . . . . . . . . . . . 43

5.3.3 Quadratic approximation of Ip . . . . . . . . . . . . . . . . . . . . 44

5.3.4 Degree thresholding . . . . . . . . . . . . . . . . . . . . . . . . . . 45

5.3.5 Proof of (5.2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

6 Generalization to sparse hypergraphs 47

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

6.2 Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

6.3 Proof of Theorem 6.1.2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

6.4 Speculations about general hypergraphs . . . . . . . . . . . . . . . . . . . 55

References 56

v



Chapter 1

Introduction

1.1 The goal of large deviations theory

Large deviation theory (shortened as LDT) studies the probability of certain rare events

and more specifically, the asymptotic behavior of the log probability. A common scenario

would be the upper tail probability of random variables. The following is an illustrative

example taken from [9].

Example 1.1.1. Let X1, X2, ..., be i.i.d Bernoulli(1
2
) random variables and let X̂n =

1
n

∑n
i=1 Xi, then we have

lim
n→∞

1

n
logP

(
X̂n ≥ (1 +

1

3
)E[X̂n]

)
= − log(25/3/3)).

This is saying that the probability of the upper tail event that X̂n exceeds its ex-

pectation by a factor of at least 4
3

is e−0.0567...(1+o(1))n,which is decaying very fast. It will

appear again in a more general form as Example 1.2.1 and be discussed later. The general

definition for large deviation principle on topological space is given in the next section.

The following class of problems is of great interest. Let f : [0, 1]n → R be a smooth

function and X = (X1, ..., Xn) be a vector of i.i.d Bernoulli(p) random variables. For

x = (x1, ..., xn) ∈ [0, 1]n define

Ip(x) =
n∑
i=1

Ip(xi) where Ip(xi) = xi log
xi
p

+ (1− x) log
1− xi
1− p

. (1.1)

It turns out in many situations we have that the upper tail probability can be reduced
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1.2 Classical large deviations theory

to the solution of a variational problem

logP(f(X) ≥ (1 + δ)E[X]) = −(1 + o(1)) inf
x∈[0,1]n

{Ip(x)|f(x) ≥ (1 + δ)E[X]} (1.2)

Note that the right hand side of Example 1.1.1 is equal to I 1
2
(2

3
). In the next section

on classical large deviations theory, it will be illustrated that Equation (1.2) holds in

great generality for linear function f such as f(x) = x1+...+xn
n

. We will see later that

Equation (1.2) also holds for some nonlinear functions f , though this can be challenging

to prove.

1.2 Classical large deviations theory

Let’s start with a motivating example slightly more general than Example 1.1.1 with 1
3

replaced by an arbitrary constant δ > 0.

Example 1.2.1. Let X1, X2, ..., be i.i.d Bernoulli(p) random variables and let X̂n =

1
n

∑n
i=1 Xi, then we have

lim
n→∞

1

n
logP

(
X̂n ≥ (1 + δ)E[X̂n]

)
= − inf

x≥(1+δ)E[X̂n]
Ip(x) = −Ip((1 + δ)p).

The proof requires proving the upper bound and the lower bound. We first introduce

the proof of the upper bound here which is a standard moment argument. We will prove

the lower bound later in section 1.2.1.2 when we introduce a technique called the tilting

argument.

Let Sn =
∑n

i=1Xi and t = (1 + δ)E[X̂n]. Define the logarithmic moment generating

function

Λ(λ) := logE[exp(λX1)] = log((1− p) + p exp(λ)).

Note that for any λ > 0, we have

P
(
X̂n ≥ t

)
= P

(
Sn ≥ nt

)
= P

(
exp(λSn) ≥ exp(λnt)

)
≤ E[exp(λSn)]

exp(λnt)
(Markov’s Inequality)

=

∏n
i=1 E[exp(λXi)]

exp(λnt)
=

exp(Λ(λ)n)

exp(λnt)
= exp(nΛ(λ)− λnt).

2



1.2 Classical large deviations theory

By a direct calculation we have supλ≥0{λt− Λ(λ)} = supλ∈R{λt− Λ(λ)}, so

lim
n→∞

sup
1

n
logP(X̂n ≥ t) ≤ − sup

λ∈R
{λt− Λ(λ)}. (1.3)

Solving the right side of (1.3) gives the upper bound for Example 1.2.1. This example

dates back as early as Laplace’s method for estimating integrals of the form

∫ b

a

eMf(x)dx, f twice differentiable and M a large constant.

Originating from this, the “right” level of generality for the LDT is due to Varadhan( [32])

who proposed that similar formulation could be made about general topological measure

space. We now formally introduce the concepts in LDT. Let X be a topological space

with Borel σ-field B.

Definition 1.2.2. A rate function I is a lower semi-continuous function I : X→ [0,∞].

The effective domain is DI := {x : I(x) <∞}.

An example of a rate function is the right hand side of Example 1.2.1. The large

deviation principle describes the asymptotic behavior of a sequence of measures {µε} as

ε→ 0.

Definition 1.2.3. {µε} satisfies the large deviation principle with a rate function I if for

all Γ ∈ B,

− inf
x∈Γo

I(x) ≤ lim
ε→0

inf ε log µε(Γ) ≤ lim
ε→0

sup ε log µε(Γ) ≤ − inf
x∈Γ̄

I(x). (1.4)

The above definition allows a continuous family of measures in order to provide full

generality and be applied to situations of continuous random processes like Brownian

motions, see [15] for more account of this. In this thesis however we mainly care about

a discrete sequence of measures {µn} and the behavior of lim an log µn for some sequence

{an} and we usually take Γ to be the upper tail event. In Example 1.2.1 we have an = 1
n

and µn = P(X̂n ≥ (1 + δ)E[X̂n]).

Example 1.2.1 can be generalized to i.i.d random variables in Rd. We first make some

formal definitions of the notions that appeared in Example 1.2.1.

3



1.2 Classical large deviations theory

Definition 1.2.4. For a random variable X distributed according to µ on Rd, the loga-

rithmic moment generating function is

Λµ(λ) := logE[e〈λ,X〉] = log

∫
Rd
e〈λ,x〉µ(dx).

We use the notation Λ when the random variable is clear under context.

The optimization problem on the right hand side of Equation (1.3) giving the rate

function is an example of the following transformation.

Definition 1.2.5. For a function f : Rd → R, its Fenchel-Legendre transform is

f ∗(x) := sup
λ∈Rd
{〈λ, x〉 − f(λ)}.

Let X1, X2, ..., be a sequence of i.i.d random variables in Rd with law µ and logarithmic

moment generating function Λ. Let µn be the law of X̂n = X1+...Xn
n

. The following

theorem gives a general large deviation principle for {µn}.

Theorem 1.2.6 (Cramér, Theorem 2.2.30 in [15]). Assume that DΛ = Rd, that is Λ(λ) <

∞ for all λ ∈ Rd. Then {µn} satisfies the large deviation principle with rate function Λ∗.

1.2.1 Abstract LDT in topological vector space

In this section, we introduce some large deviation results that hold abstractly, relaxing

the i.i.d and Rd assumptions. Let X be a Hausdorff topological vector space and X∗ be

its dual space, namely, the space of all continuous linear functionals on X. Let {Xε} be

a family of random variables taking values in X with law µε. Analogous to the Rd case,

the logarithmic moment generating function Λµε(λ) : X∗ → [−∞,∞] is

Λµε = logE[e〈λ,Xε〉] = log

∫
X

eλ(x)µε(dx), λ ∈ X∗.

where for x ∈ X and λ ∈ X∗, 〈λ, x〉 denotes the value of λ(x) ∈ R.

Let

Λ̄(λ) = lim sup
ε→0

εΛµε(
λ

ε
) (1.5)

and use the notation Λ(λ) whenever the limit exists, which is the case for the examples

in the previous subsections for i.i.d random variables in X = Rd. where we have that

4



1.2 Classical large deviations theory

1
n
Λµn(nλ) converges to Λµ. Definition 1.2.5 generalizes to this setting as follows:

Definition 1.2.7. For a function f : X∗ → [−∞,∞], its Fenchel-Legendre transform is

f ∗(x) := sup
λ∈X∗
{〈λ, x〉 − f(λ)}, x ∈ X.

1.2.1.1 Upper bound with covering

We have the following general upper bound. Recall that Λ̄∗ is the Legendre transform of

Λ̄ defined in (1.5).

Theorem 1.2.8 (Theorem 4.5.3 in [15]). For any compact set Γ ∈ X,

lim
ε→0

sup ε log µε(Γ) ≤ − inf
x∈Γ

Λ̄∗(x).

The rough idea of the proof is as follows. We first prove this for certain small open

neighborhood B using a similar moment method as in the proof of the upper bound of

Example 1.2.1. Then by compactness we can find a finite cover ∪Bi and the result follows

by a union bound. We can replace the compact set with a closed set if we assume the

following condition on {µε} that roughly says they are concentrating on compact sets.

Definition 1.2.9. A family of measure {µε} on X is said to be exponentially tight if for

any α > 0, there is a compact subset Kα ⊂ X such that

lim
ε→0

sup ε log µε(X \Kα) < −α.

Corollary 1.2.10. Assume that {µε} is exponentially tight. Then for any closed set

F ⊂ X,

lim
ε→0

sup ε log µε(F ) ≤ − inf
x∈F

Λ̄∗(x).

1.2.1.2 Lower bound with tilting argument

A common technique for proving the lower bound in a large deviation principle is the

following tilting argument. For Γ ⊂ X and a measure P, to bound P(Γ), we first find

a dominating event B ⊂ Γ and construct a measure Q under which B is typical with

5



1.2 Classical large deviations theory

Q(B) ≈ 1. Then we have

P(B) =

∫
B

dP =

∫
B

dP
dQ

dQ = Q(B)
1

Q(B)

∫
B

dP
dQ

dQ

where dP
dQ is the Radon-Nikodym derivative. Thus by Jensen’s Inequality

logP(Γ) ≥ logP(B) = logQ(B)− log
( 1

Q(B)

∫
B

dP
dQ

dQ
)

≥ logQ(B)− 1

Q(B)

∫
B

log
dP
dQ

dQ ≈ −
∫
B

log
dP
dQ

dQ.

The challenge is to choose the right measure Q so that the integral will give a sharp lower

bound. As an example, we prove the lower bound of Example 1.2.1.

Recall that X1, ..., Xn are i.i.d Bernoulli(p) random variables with law P and average X̂n.

Let δ > 0 and set t = (1 + δ)E[X̂n]. Let ε, λ > 0 to be decided. Define another measure

dQ(X) = e−Λ(λ)+λXdP(X) and dQn = dQ⊗ ...⊗ dQ.

Let dPn = dP⊗ ...⊗ dP, we have

dQn = e−nΛ(λ)+λ(X1+...+Xn)dPn.

Let Bn,ε = {t ≤ X̂n < t+ ε}. Since

EQn [X̂n] = Λ′(λ) = e−Λ(λ)E[XeλX ],

and hence Λ′(0) = E[X̂n] < t,Λ′(∞) = 1 > t, assuming p < 1
1+δ

when we let ε → 0 by

intermediate value theorem we can find always λ so that EQn [X̂n] = t + ε
2
. Then by the

law of large numbers Qn is concentrated on Bn,ε, meaning that limn→∞Qn(Bn,ε) = 1. Let

B = Bn,ε in the tilting argument we described above,

lim
n→∞

inf
1

n
logPn(X̂n ≥ t) ≥ lim

n→∞
inf

1

n
logPn(Bn,ε) = − 1

n

∫
Bn,ε

(
−nΛ(λ)+λ(X1+...+Xn)

)
dQn

≥ −(λ(t+ ε)− Λ(λ)) ≥ − sup
λ′>0
{λ′(t+ ε)− Λ(λ′)}.

6



1.2 Classical large deviations theory

By letting ε→ 0,

lim
n→∞

inf
1

n
logPn(X̂n ≥ t) ≥ − lim

ε→0
sup
λ′>0
{λ′(t+ ε)− Λ(λ′)} = −Λ∗(t),

thus establishing the lower bound for Example 1.2.1. We will see another application of

this technique in section 2.4.2. We now state the following theorem on the lower bound

in abstract LDT whose proof roughly follows what we described above.

Definition 1.2.11. A point x ∈ X is called an exposed point of Λ̄∗ if there exists an

exposing hyperplane λ ∈ X∗ such that

〈λ, x〉 − Λ̄∗(x) > 〈λ, z〉 − Λ̄∗(z), ∀z 6= x.

Theorem 1.2.12 (Baldi, Theorem 4.5.20 in [15]). Let {µε} be exponentially tight mea-

sures and F be the set of exposed points of Λ̄∗ with an exposing hyperplane λ for which

Λ(λ) = lim
ε→0

εΛµε(
λ

ε
) exists and Λ̄(γλ) <∞ for some γ > 1.

Then for every open set G ⊂ X,

lim
ε→0

inf log µε(G) ≥ − inf
x∈G∩F

Λ̄∗(x).

If we further assume that for every open set G,

inf
x∈G∩F

Λ̄∗(x) = inf
x∈G

Λ̄∗(x),

combining with Corollary 1.2.10 we get a large deviation principle for {µε} on X.

Linear large deviation theory relies on the fact that the logarithmic moment generating

function Λ(λ) is easy to evaluate and work with, as we see in the proof of Example 1.2.1.

In section 1.4, we introduce the case when the function is subgraph counts and difficulties

arise.

7



1.3 Connection of LDT to statistical physics

1.3 Connection of LDT to statistical physics

In statistical physics, a common problem is to estimate the partition function of a system

Z =
∑
x

e−βE(x),

where the sum is over all microstates and E(x) is the energy in each state. Recall that β is

the thermodynamic beta defined as β = 1
kBT

where kB is the Boltzmann constant and T is

the temperature. The following Varadhan’s Integral Lemma shows that a large deviation

principle implies the convergence of certain partition function. As in the previous set up,

let {Xε} be a family of random variables taking values in the topological space X with

associated measures {µε}.

Theorem 1.3.1 (Theorem 4.3.1 in [15], Varadhan). Suppose that {µε} satisfies a large

deviation principle with rate function I : X→ [0,∞], and let φ : X→ R be any continuous

function. Assume further either the tail condition

lim
M→∞

lim sup
ε→0

ε logE[eφ(Xε)/ε1{φ(Xε)≥M}] = −∞,

or the following moment condition for some γ > 1,

lim
ε→0

sup ε logE[eγφ(Xε)/ε] <∞.

Then

lim
ε→0

ε logE[eφ(Xε)/ε] = sup
x∈X
{φ(x)− I(x)}.

The other direction (the convergence of certain partition function implies a large

deviation principle) is given by the following Bryc’s Inverse Varadhan Lemma. Let Cb(X)

be set of bounded and continuous real-valued functions on X. For f ∈ Cb(X), define

Λf := lim
ε→0

ε log

∫
X

ef(x)/εµε(dx), (1.6)

provided the limit exists.

Theorem 1.3.2 (Theorem 4.4.2 in [15], Bryc). Suppose that {µε} is exponentially tight

and that the limit Λf in (1.6) exists for every f ∈ Cb(X). Then {µε} satisfies the large

8



1.3 Connection of LDT to statistical physics

deviation principle with rate function

I(x) = sup
f∈Cb(X)

{f(x)− Λf}.

Furthermore, for every f ∈ Cb(X),

Λf = sup
x∈X
{f(x)− I(x)}.

If X is a topological vector space and f ∈ X∗, then Λf is just the logarithmic moment

generating function defined in (1.5). Next, we illustrate further connections with the

example of Gibbs measure.

1.3.1 Gibbs measure on the Hamming cube

Given a Hamiltonian f : {0, 1}d → R, we can associate it with a Gibbs measure µ on

{0, 1}d with density Z−1ef(·). Then

Z =
∑

x∈{0,1}d
ef(x).

Determining the large deviations of a function h of a random Bernoulli(p) on {0, 1}d can

be formulated as estimating the partition function Z. That is, approximating

logP(h(x) ≥ (1 + δ)E[h(x)])

corresponds to estimating logZ for

fh(x) := g(h(x)) + d log(1− p) +
d∑
i=1

xi log
p

1− p
,

where g(s) ≡ 0 for s ≥ (1 + δ)E[h(x)] and g(s) ≡ −∞ for s < (1 + δ)E[h(x)]. By the

Gibbs variational principle, we have

logZ = sup
µ∈M1({0,1}d)

{
∑
x

f(x)µ(x)−
∑
x

µ(x) log µ(x)},

9



1.4 The upper tail problem in subgraph counts

where M1({0, 1}d) is the set of all probability measures on the cube.

Since the dimension of M1({0, 1}d) is exponential in d, it is common practice in physics

to use the naive mean field approximation, which is to restrict µ to product measures.

Note that when the Hamiltonian f is separable, meaning that it takes the form

f(x) = f1(x1) + ...+ fd(xd)

(such as when f is linear), the naive mean field approximation is an exact identity.

1.4 The upper tail problem in subgraph counts

Throughout this thesis we refer only to simple graphs where there is no self loop or

multi-edge. Let Gn,p be the Erdős-Rényi graph model on vertices [n] where the edge

connections are i.i.d Bernoulli(p) random variables. For a fixed graph H, an interesting

quantity is N(H,G), the number of subgraphs H present in G where G is sampled from

Gn,p. The simplest non-trivial case is the number of triangles. Let xij be the indicator

random variable for edge connection between i and j of G, we have

N(K3, G) =
∑

1≤i<j<k≤n

xijxjkxik. (1.7)

Let YH be the random variable N(H,G), the “infamous upper tail problem” [23] asks to

estimate the upper tail probability

R(H,n, p, δ) := logP(YH ≥ (1 + δ)E[YH ]). (1.8)

This is a classical problem and has been extensively studied (see [8, 13, 14, 22–25, 33]

and [4] and its references). The goal is to solve this for general H, however, even for

H = K3 where it is just a polynomial of degree 3 seems to be highly non-trivial and

beyond the capabilities of classical large deviations theory introduced in section 1.2.

Let’s give a brief account of the older works that use concentration machinery instead.

[33] and [25] showed that

n2p2 . R(K3, n, p, δ) . n2p2 log(1/p).

10



1.4 The upper tail problem in subgraph counts

The correct order of the rate function R(K3, n, p, δ) � n2p2 log(1/p) was independently

established in [8, 14]. However, the methods of these works did not allow determining

the exact asymptotics of the rate function or extending to general graphs.

We now introduce an alternative and sometimes easier to deal with metric for subgraph

count that we will use a bit more frequently. Let Hom(H,G) be the set of functions f :

V (H)→ V (G) so that (f(i), f(j)) ∈ E(G) for every (i, j) ∈ E(H). The homomorphism

density function is defined to be

t(H,G) :=
|Hom(H,G)|
|V (G)||V (H)| . (1.9)

There are standard relations between N(H,G) and |Hom(H,G)| (see [28]) and their

multiplicative difference is negligible in the setting we work with. Let XH be the random

variable t(H,Gn,p). By linearity of expectation, we have E[XH ] ∼ p|E(H)|. Similar to (1.8),

we are interested in estimating the following log upper tail probability for XH ,

ζ(H,n, p, δ) := logP(XH ≥ (1 + δ)p|E(H)|) for fixed δ > 0. (1.10)

Let Gn be the set of edge-weighted undirected graphs on n vertices, that is, if A(G) is the

adjacency matrix of a graph G then

Gn = {G : A(G)ij ∈ [0, 1], A(G)ij = A(G)ji, A(G)ii = 0 for all 1 ≤ i, j ≤ n} (1.11)

We can extend the homomorphism counting function in (1.9) to G ∈ Gn as

t(H,G) := n−|V (H)|
∑

ι:[k]→[n]

∏
(x,y)∈E(H)

A(G)ι(x)ι(y) (1.12)

When we fix a graph H, we use the notation tH(·) := t(H, ·). The function tH is a

nonlinear polynomial of degree eH but as we mentioned earlier, even the simplest case of

H = K3 where it is just degree 3 has great difficulties. In the next section, we introduce

some significant progress that were made fairly recently, taking a different route from

classical concentration inequalities.

11



1.5 Outline for recent progress

1.5 Outline for recent progress

In the last section, we see that it seems that one could not solve the subgraph count

problem in the framework of large deviation theory due to its non-linearity. However,

since the breakthrough made by [11], a series of works [2,3,10,12,16,21] has introduced

lots of new tools and ideas to make this possible. First we introduce the general route

taken by these works. There are two major steps. The first step is similar to the results

of classical large deviations theory we introduced in section 1.2 and attempts to reduce

the upper tail ζ(H,n, p, δ) in (1.10) to a variational problem. By section 1.1, the natural

variational problem to consider is

φ(H,n, p, δ) := inf
G∈Gn
{Ip(G) : tH(G) ≥ (1 + δ)p|E(H)|} (1.13)

recall that Ip defined in (1.1) and Ip(G) :=
∑

1≤i<j≤n Ip(A(G)ij). So the goal of the first

step is to prove a result of the form

ζ(H,n, p, δ) = −(1 + o(1))φ(H,n, p, δ + o(1)). (1.14)

We refer to this step as variational reduction. The second step is to solve the asymptotic

form of (1.13) explicitly, which we refer to as variational solution. Next we give a brief

introduction to these works mostly using the example of H = K3 and we will describe

their results in greater detail in later chapters.

1.5.1 First step: variational reduction

The problem is divided into two regimes. One is the dense regime where p is fixed and

another is the sparse regime where p = p(n) decays to 0 and n−α � p� 1 for some con-

stant α > 0. The dense regime is solved by [11] with an amazing use of the graphon theory

and Szemerédi’s regularity lemma. Their main idea is to cover the “space of graphs” with

sets constructed from regularity lemma on which we can apply the results from classical

large deviations theory in section 1.2 and then apply a union bound. However, due to

the bad quantitative dependency of the regularity lemma, this method does not apply to

the sparse regime and two lines of ideas are introduced.

The first line is the work of [10,16]. A non-linear large deviation framework based on the

12



1.5 Outline for recent progress

low gradient complexity condition was established in [10] and they were able to apply

their technique to prove (1.14) for H = K3 in the range p � n−1/42(log n)11/14. Their

work was further developed by [16] which proved (1.14) in the range p � n−1/18 log n.

The main idea behind the work of [10,16] is inspired by statistical physics introduced in

section 1.3, showing that the naive mean field approximation holds not only when the

Hamiltonian is separable, but also when the gradient ∇tH can be approximated using a

net.

The second line is the work of [12, 21]. Their work can be seen as a more quantitative

continuation of [11]. Instead of approximating the gradient, their proof is based on ef-

ficient coverings of the space. Using spectral method, [12] covered the cube {0, 1}(
n
2)

with convex bodies on which tH is nearly constant. After obtaining a sharp estimate of

each convex body, they take the union to get an estimate of the upper tail set. They

showed (1.14) for H = K3 in the range p� n−1/3.

More recently, [21] introduced the following combinatorial optimization problem

Φ(H,n, p, δ) = min{e′G log(1/p) : G′ ⊂ Kn and EG′ [N(H,G)] ≥ (1 + δ)E[N(H,G)]},

(1.15)

where EG′ [N(H,G)] = E[N(H,G)|G′ ⊂ G]. As we will see later, Φ and φ behave the

same asymptotically. The work of [21] established an entropic stability framework based

on covering the space with near-optimizers of the above optimization problem. Their

method is more combinatorial and they worked with subgraph count function N(H,G)

and R in (1.8) instead of t(H,G) and ζ. They proved that for p� n−1 log n we have

R(K3, n, p, δ) = −(1 + o(1))Φ(K3, n, p, δ + o(1)), (1.16)

also showing this is essentially the optimal range.

In later chapters we will mainly focus on the approach of the second line ( [11, 12, 21]).

For more detailed discussion of the first line( [10, 16]), please refer to their papers and

the survey [9] by Chatterjee.

13



1.5 Outline for recent progress

1.5.2 Second step: variational solution

For a fixed p, there are no known explicit solution to the variational problem for general

H except for under very special situations. For H = K3 we do have an explicit solution

from [11],

φ(K3, n, p, δ) =
1

2
n2f((1 + δ)p3)(1 + o(1))

where

f(t) =


− log 2 if 0 < t < 1

48
,

Ip((6t)
1/3) if 1

48
≤ t ≤ 1

6
,

+∞ if t > 1
6
.

For the sparse regime [29] showed that

lim
n→∞

φ(K3, n, p, δ)

n2p2 log(1/p)
=

min{ δ2/3
2
, δ

3
} if n−1/2 � p� 1,

δ2/3

2
if n−1 � p� n−1/2.

(1.17)

To gain some insight on where this formula comes from, consider the graph G ∈ Gn

starting with all weights set to p and modified by setting A(G)ij = 1 for i, j ≤ s where

s ∼ δ1/3np. Then G contains an extra of δE[XK3 ] triangles and we have Ip(G) ∼ δ2/3

2
n2p2,

thus giving an upper bound on φ. More detailed construction and analysis is given in

Chapter 5. It was shown in [21] that this is the asymptotic solution to the combinatorial

optimization problem Φ in (1.15) as well. Combining the two steps together we have the

following result for the spare regime of K3.

Theorem 1.5.1 (Theorem 1.7 in [21]). For any δ > 0, if n−1 log n� p� 1, then

lim
n→∞

logP(N(K3, G) ≥ (1 + δ)E[N(K3, G)])

n2p2 log(1/p)
=

−min{ δ2/3
2
, δ

3
} if n−1/2 � p� 1,

− δ2/3

2
if n−1 � p� n−1/2.

(1.18)

Since E[XK3 ] � n3p3, this range is essentially optimal(ignoring log factors) since for

p below this range the number of triangles is bounded and XK3 behaves like a Poisson

random variable(see [21] for more about this regime). Thus we completed the story of

the upper tail probability of subgraph count of K3 except for np→ c for a constant c (see

[21] for discussions of this edge case). It was later extended in [3] to solve the variational
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1.6 Research contribution in hypergraphs

problem for general H; we defer discussion of this to Chapter 5.

1.6 Research contribution in hypergraphs

The natural next question is to solve the upper tail problem for hypergraphs. Hypergraphs

are generalizations of graphs where edges are defined on possibly more than 2 vertices.

We restrict our attention to r-uniform hypergraphs where each edge consists of a fixed

number r of vertices. A graph is a 2-uniform hypergraph and we will extend some of

the results in the previous section to a type of hypergraph cliques. We take the two step

route similar to the graph case. There have been few works( [26, 30]) done in this area

and they mainly focus on the variational problem φ and less on the first step which is

to reduce the upper tail to φ or Φ, which will be our focus. Specifically, we prove the

following theorem.

Theorem 1.6.1. For fixed k ≥ 3 and p = p(n) such that n−1 log n� p� 1,

R(K
(k)
k+1, n, p, δ) = −(1 + o(1))Φ(K

(k)
k+1, n, p, δ + o(1)). (1.19)

Note that the upper tail R in (1.8) and the combinatorial optimization problem Φ

in (1.15) can be defined analogously for Erdős-Rényi hypergraphs G
(k)
n,p where each k-

element subset of [n] is included as an edge independently with probability p. We will

provide more details in Chapter 6.

1.7 Outline of the thesis

In Chapters 2 to 4 we introduce the aforementioned work in greater detail and sketch

their proof. Specifically, in Chapter 2 we introduce the background story of graphon

theory and regularity lemma and we show how these are used by [11] to complete the

variational reduction step in the dense regime. In Chapters 3 and 4 we explain the works

[12] and [21] respectively on the sparse regime. In Chapter 5 we explain the work done

by [29] and [3] in solving the variational problem in the sparse regime. Finally, in the last

Chapter, we introduce our work done in the hypergraph setting and prove Theorem 1.6.1.
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1.8 Notations

1.8 Notations

In this section we introduce some notations that are used through out this thesis. Other

notations will be introduced in their chapters as needed.

[n] The set of integers {1, ..., n}.

V (G) The set of vertices of the graph G.

E(G) The set of edges of the graph G.

vG The number of vertices of G, that is, |V (G)|.

eG The number of edges of G, that is, |E(G)|.

Kr The clique graph with r vertices.

Cl The cycle graph with l vertices.

K
(r)
k The r-uniform hypergraph clique with k vertices.

Gn,p The Erdős-Rényi graph on vertices [n] with edge prob-

ability p.

Gn Defined in (1.11),the set of edge weighted graphs on

vertices [n].

G
(r)
n,p The Erdős-Rényi r-uniform hypergraph on vertices [n]

with edge probability p.

N(H,G) The subgraph counting function (the number of copies

of J in G).

Hom(H,G) The set of graph homomorphism from H to G.

t(H,G) Defined in (1.9) and (1.12), the homomorphism density

function.

R Defined in (1.8), the upper tail for subgraph counting

function N(H,G).
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1.8 Notations

ζ Defined in (1.10), the upper tail for homomorphism

density function t(H,G).

φ Defined in (1.13), the variational problem .

Φ Defined in (1.15), the combinatorial optimization prob-

lem.

XH The random variable t(H,Gn,p).

YH The random variable N(H,Gn,p).

1A The indicator function of the set A.

f = O(g), g = Ω(f) There is a constant C so that |f | ≤ Cg

f . g, g & f Both synonymous to the above.

f = Θ(g) f = O(g) and f = Ω(g).

f � g Synonymous to the above.

f = o(g) f/g → 0 as n→∞.

f � g, g � f Both synonymous to the above.

f ∼ g f = (1 + o(1))g.

Γo The interior of the set Γ.

Γ̄ The closure of the set Γ.
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Chapter 2

Variational reduction in the dense

regime

In this chapter we outline important ideas that were introduced in [11], particularly their

use of graphon theory and regularity lemma. One of the main points is that one can use

the graphon topology(in particular the regularity lemma) to find coverings of the space

of graphs by certain balls on which the homomorphism density function tH is almost

constant. The probability of each ball can be estimated using results from classical large

deviations theory.

2.1 Graphon theory and graph limits

The first difficulty in formulating a large deviation principle for random graphs is to find

a common space to include all graphs of different number of vertices and to have a natural

limit object for a series of graphs. This is resolved by a sequence of works( [5–7, 27, 28])

that developed a beautiful and unifying theory of graphon theory and graph limits. First

we notice that a graph G on [n] can be represented by a function on the n × n grid in

[0, 1]2 given by

fG(x, y) =

1 if (dnxe, dnye) ∈ E(G),

0 otherwise.

(2.1)

An example is fK2,2 in Figure 2.1.

Let W be the space of symmetric measurable functions f : [0, 1]2 → [0, 1] so that

f(x, y) = f(y, x) then from (2.1) we can embed any graph into this space. Let H be

18



2.1 Graphon theory and graph limits
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Figure 2.1 K2,2 and fK2,2 with black region having value 1

a graph on k vertices, recall that in (1.9) we defined t(H,G) to be the homomorphism

density of H in G, we can also define this similarly for f ∈W as

t(H, f) =

∫
[0,1]k

∏
(i,j)∈E(H)

f(xi, xj)dx1...dxk. (2.2)

We then have t(H, fG) = t(H,G) and with this association we can define the following

graph limits.

Definition 2.1.1. A sequence of graphs {Gn}∞n=1 converges to f ∈W if for every graph

H we have limn→∞ t(H,Gn) = t(H, f).

This definition also provides a natural limit object for the sequence of Erdős–Rényi

graph. With standard concentration inequalities, we have the following.

Proposition 2.1.2. For a fixed p ∈ [0, 1], let f ∈ W be the constant function such that

f(x, y) = p for all (x, y) ∈ [0, 1]2. The sequence of Erdős–Rényi random graphs satisfy

lim
n→∞

Gn,p = f with probability 1.

We can define the following distance between “graphs” in W.

Definition 2.1.3. For f, g ∈W, the cut distance between them is

d�(f, g) := sup
S,T∈σ([0,1])

∣∣∣ ∫
S×T

[f(x, y)− g(x, y)]dxdy
∣∣∣.

Naturally we would like that two isomorphic graphsG1 andG2 should satisfy d�(fG1 , fG2) =

0 but this is not currently achieved. Take the following two isomorphic graphs G1 = C4
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2.1 Graphon theory and graph limits

and G2 = K2,2, then it’s easy to see from Figure 2.2 that d�(fG1 , fG2) ≥ 1
16

by taking

S × T to be a single cell. This motivates the following equivalence relation on W. Let Σ
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Figure 2.2 C4 and fC4 with black region having value 1

be the space of measure preserving bijections σ : [0, 1]→ [0, 1]. Note that the cut metric

d is invariant under σ. Thus just like graph equivalence given by some bijection from

{1, ..., n} → {1, ..., n}, the equivalence relation on W is given by some mapping from σ.

Definition 2.1.4. For f ∈W, let fσ be defined as fσ(x, y) = f(σx, σy). Another g ∈W

satisfies f ∼ g if there exists σ ∈ Σ such that fσ = g.

It’s easy to see that this is an equivalent relation and fG ∼ fH for graphs G ∼ H. Let

f̃ be the closure of the orbit {fσ} of f and let τ be the map f → f̃ we can now officially

introduce the graphon space.

Definition 2.1.5. The graphon space W̃ is the quotient space W \ τ .

Again by the invariance of the cut metric of W under σ, we can define the metric d̃�

on W̃ as

d̃�(f̃ , g̃) = inf
σ
d�(f, gσ) = inf

σ
d�(fσ, g) = inf

σ1,σ2
d�(fσ1 , gσ2).

With the above formulation, for any graph G we can associate it a graphon by

G→ fG → G̃ := f̃G ∈ W̃.

Then the Erdős–Rényi random graph Gn,p would induce a measure Pn,p on W and P̃n,p
on W̃. The function Ip defined in (1.1) could be extended to W as

Ip(f) =

∫
[0,1]2

Ip(f(x, y))dxdy.
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2.2 Regularity lemma and counting lemma

The following lemma from [11] tells us that it could be extended to W̃ as well and is a

rate function in Definition 1.2.2.

Lemma 2.1.6. The function Ip is well-defined on W̃ and is a rate function under the

cut metric d̃�.

2.2 Regularity lemma and counting lemma

2.2.1 ε-regular partition

For a graph G = (V,E) on n vertices and X, Y ⊂ V let

EG(X, Y ) := {(u, v) ∈ E|u ∈ X, v ∈ Y } and eG(X, Y ) := |EG(X, Y )| (2.3)

The edge density of the pair (X, Y ) is defined to be

dG(X, Y ) :=
eG(X, Y )

|X||Y |
. (2.4)

For two subsets of vertices A,B, we define a regularity condition under which the density

between two large subsets X ⊂ A and Y ⊂ B behaves as if the edges are randomly

distributed between A and B with density dG(A,B).

Definition 2.2.1. For ε > 0, a pair of disjoint subsets (A,B) of V are ε-regular if for

every X ⊂ A and Y ⊂ B with |X| ≥ ε|A| and |Y | ≥ ε|B| we have

|dG(A,B)− dG(X, Y )| ≤ ε.

A generalization of this condition can be put on the partition of V .

Definition 2.2.2. A partition {V0, ..., VK} of V is an ε-regular partition if

i. |V0| ≤ εn,

ii. |V1| = ... = |VK |,

iii. all but at most εK2 of the pairs (Vi, Vj) with 1 ≤ i < j ≤ K are ε-regular.
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2.3 Main result

2.2.2 Szemerédi’s regularity lemma

The regularity lemma to some extent gives the existence of such regular partitions.

Theorem 2.2.3. For every ε > 0 and integer m ≥ 1 there exists an integer M = M(ε,m)

so that every graph G with eG ≥ M has an ε-regular partition V0, ..., VK for some m ≤

K ≤M .

The regularity lemma has the following implication on the graphon space (W̃, d̃�).

Theorem 2.2.4. The metric space (W̃ , d̃�) is compact.

2.2.3 Counting lemma

For a graph H with V (H) = [k] and a collection of subsets S = {V1, ..., Vk} of V , let

HomS(H,G) = {f ∈ Hom(H,G)|f(i) ∈ Vi for Vi ∈ S}. In a lot of situations, the

regularity lemma is used together with the following counting lemma after we get an

ε-regular partition.

Theorem 2.2.5. For ε > 0, if the collection S satisfies (Vi, Vj) is ε-regular for all (i, j) ∈

E(H), then

∣∣∣|HomS(H,G)| −
∏

(i,j)∈E(H)

d(Vi, Vj) ·
k∏
i=1

|Vi|
∣∣∣ ≤ ε · eH

k∏
i=1

|Vi|.

An implication of the counting lemma is the following continuity of the homomorphism

counting function in the graphon space.

Theorem 2.2.6. A sequence of graphs {Gn}∞n=1 converges to f ∈ W if and only if

limn→∞ d̃�(G̃n, f̃) = 0.

2.3 Main result

Standard large deviation techniques from 1.2 could give a large deviation principle for

the weak topology of W. However, the homomorphism counting function t being a non

linear function is not continuous with respect to this topology and we could not get

an estimate of the upper tail probability. Instead, they established the following large

deviation principle on W̃ with respect to the topology given by the cut metric.
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2.4 Proof sketch

Theorem 2.3.1. For each fixed p ∈ (0, 1), the sequence P̃n,p satisfies a large deviation

principle in (W̃, d̃�). Explicitly, for any closed set F̃ we have

lim
n→∞

sup
2

n2
log P̃n,p(F̃ ) ≤ − inf

f̃∈F̃
Ip(f̃). (2.5)

and for every open set Ũ we have

lim
n→∞

inf
2

n2
log P̃n,p(Ũ) ≥ − inf

f̃∈Ũ
Ip(f̃). (2.6)

As an example, by the continuity of t in the cut metric given in Theorem 2.2.6 and

together with showing the continuity of φ in δ, they get a large deviation principle with

respect to the triangle count.

Theorem 2.3.2. For each fixed p ∈ (0, 1) and fixed δ > 0, we have

ζ(K3, n, p, δ) = −(1 + o(1))φ(K3, n, p, δ).

2.4 Proof sketch

For h ∈ W and η > 0, let B(h, η) = {g ∈ W : d�(h, g) ≤ η} and B̃(h̃, η) = {g̃ ∈ W̃ :

d̃(h̃, g̃) ≤ η}. Recall the map τ : h → h̃, let B(h̃, η) = τ−1B̃(h̃, η) ∈ W be the union

of all orbits. By the compactness of (W̃, d̃) given in Theorem 2.2.4, it suffices to prove

Theorem 2.3.1 for such local balls. For the upper bound, the main strategy is to use

regularity lemma to give a covering of B(h̃, η) with finitely many balls that are weakly

closed and then apply the standard large deviation principle on these weakly closed balls.

For the lower bound, for each ball, they construct a measure concentrated on the ball

and then apply the tilting argument. We describe each one in more detail below.

2.4.1 Upper bound

It suffices to show that for every ball B̃(h̃, η) in W̃ we have

lim
η→0

lim
n→∞

sup
2

n2
logPn,p(B(h̃, η)) ≤ −Ip(h̃) (2.7)
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2.4 Proof sketch

For a graph G = (V,E) on n vertices and a partition of the vertices S = {V0 ∪ V1...VK}

such that |V0| = b and |V1| = ... = |VK | = a, we can identify each V0 with intervals

E0 = [0, b
n
] and Vi with Ei = [ b+(i−1)a

n
, b+ia

n
] for 1 ≤ i ≤ K. Recall the edge density

dG(Vi, Vj) defined in (2.4), this gives a block graph fGS where

fGS (x, y) =
∑
i 6=j

dG(Vi, Vj)1Ei(x)1Ej(y).

By giving a regular partition, the regularity lemma shows that for every ε > 0, there is

a bounded m ≤ K ≤ M such that for every graph G there is a permutation π so that

d�(fπGS , fπG) ≤ ε. Let VK be the set of block functions with K blocks. Thus we can cover

the set of graphons with positive measure under Pn,p by ∪MK=mB(VK , ε). So it suffices to

show that for each K we have

lim
η→0

lim
n→∞

sup
2

n2
logPn,p(B(h̃, η) ∩B(VK , ε)) ≤ −I(h̃) + o(ε).

Since VK is a compact set of functions we can further cover B(VK , ε) by a finite number

of spheres B(g, 2ε) in W. By a union bound it suffices to bound Pn,p(B(h̃, η)∩B(g, 2ε)).

Note that B(g, 2ε) is weakly closed in W, so by Corollary 1.2.10,

lim
n→∞

sup
2

n2
logPn,p(B(g, 2ε)) ≤ − inf

f∈B(g,2ε)
Ip(f). (2.8)

Thus

lim
η→0

lim
n→∞

sup
2

n2
logPn,p(B(h̃, η) ∩B(g, 2ε)) ≤ lim

n→∞
sup

2

n2
logPn,p(B(g, 2ε))

≤ − inf
f∈B(g,2ε)

Ip(f) = −Ip(h̃) + o(ε). (2.9)

The last equality holds since d̃�(g̃, h̃) ≤ η + 2ε assuming B(h̃, η) ∩B(g, 2ε) 6= ∅ and Ip is

lower semi-continuous as shown in Lemma 2.1.6. Then Equation (2.7) would be implied

by taking ε→ 0.
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2.4 Proof sketch

2.4.2 Lower bound

For given h ∈ W and n, consider discretizing h by replacing the value of h in [ i−1
n
, i
n
] ×

[ j−1
n
, j
n
] with its average in the block hn(i, j). Let hn be the step wise constant function

we get. Define the local ball Bε,n = {f : d�(f, hn) ≤ ε}, since d�(hn, h) → 0 it then

suffices to show that

lim
n→∞

inf
2

n2
logPn,p(Bε,n) ≥ −Ip(h). (2.10)

The lower bound is to use a tilting argument by constructing the following measure Phn
that is concentrated around hn. Let Phn be measure on W induced by the inhomogeneous

random graph where edge (i, j) are connected with probability hn(i, j). Then a standard

concentration inequality gives that limn→ Phn(Bε,n) = 1 and by the tilting argument

outlined in section 1.2.1.2 with P = Pn,p and Q = Pn,h we have

lim
n→∞

inf
2

n2
logPn,p(Bε,n) ≥ − lim

n→∞

2

n2

∫
log

dPn,h
dPn,p

dPn,h (2.11)

The only thing left to do is to simplify the right hand side. Note that

∫
log

dPn,h
dPn,p

dPn,h =
∑
i>j

(
hn(i, j) log

hn(i, j)

p
+ (1− hn(i, j)) log

1− hn(i, j)

1− p
)
.

By symmetry of h we then have

− lim
n→∞

2

n2

∫
log

dPn,h
dPn,p

dPn,h = −Ip(h). (2.12)

Combine (2.11) and (2.11) we get (2.10).
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Chapter 3

Variational reduction in sparse

regime

3.1 Introduction

The methods of [11] that we introduced in the previous chapter does not apply to the

sparse regime due to the bad quantitative dependencies of the regularity lemma. Specif-

ically, in order to bound the fluctuation of Ip within a ball B(g, 2ε) in Equation (2.9)

we need to take very small ε. However, the upper bound on the number of balls given

by the regularity lemma, which is unfortunately tight, could not give us the desired re-

sult. In this chapter we sketch some of the ideas behind [12] and how they resolved this

issue. Their method can be seen as a quantitative strengthening of [11]. One of their

main points is that instead of covering the space with small weakly closed sets as is done

in [11], one can find a covering by convex sets using spectral methods and estimate the

probability of each convex set accurately without requiring them to be too small. With

this new approach, they are able to prove the following theorem establishing a large

deviation principle for the widest range of p currently known for general graphs.

Theorem 3.1.1. For any graph H, let ∆∗(H) = 1
2

maxv1,v2∈E(H){degH(v1) + degH(v2)}.

If p = p(n) satisfies n−1 log n� p2∆∗(H) � 1 then for any δ > 0,

ζ(H,n, p, δ) = −(1 + o(1))φ(H,n, p, δ + o(1)).
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3.2 Matrix preliminaries

3.2 Matrix preliminaries

Their proof relies heavily on the adjacency matrix and spectral inequalities. For a set Ω,

let Symn(Ω) be the set of symmetric n×n matrices with entries in Ω and Sym0
n(Ω) those

with 0 on the diagonal. Let Symn,k(R) be real symmetric matrices of rank at most k. Let

Xn = Sym0
n([0, 1]) and An = Sym0

n({0, 1}). For X ∈ Symn(R), we order its eigenvalues

in non-increasing order of modulus:

|λ1(X)| ≥ |λ2(X)| ≥ ... ≥ |λn(X)|.

Recall that the Schatten norm is defined as

‖X‖Sα = (
n∑
i=1

|λi(X)|α)1/α, α ∈ [1,∞].

It can represent many common matrix norms. We have the spectral norm |λ1(X)| =

‖X‖S∞ and it also equals the ln2 → ln2 operator norm ‖X‖op. Moreover, ‖X‖S2 equals the

Hilbert-Schmidt norm ‖X‖HS = (TrX2)1/2 with inner product 〈X, Y 〉 = Tr(XY ). Let

BHS(r) = {X ∈ Symn(R) : ‖X‖HS ≤ r} and Bop(X, r) = {Y ∈ Symn(R) : ‖X−Y ‖op ≤ r},

we then have Xn ⊂ BHS(n).

We can bound the difference in cycle count in terms of matrix norms with the following

lemma. Note that for X ∈ Xn, we have t(C2l, X) = n−2l‖X‖2l
S2l

and t(Cl, X) = n−lTrX l.

Lemma 3.2.1. For X1, X2 ∈ Xn, we have

|t(Cl, X1)− t(Cl, X2)| ≤ ln−l · ‖X1 −X2‖op · (‖X1‖l−1
Sl−1

+ ‖X2‖l−1
Sl−1

)

Proof. Consider order the eigenvalues directly instead of by modulus, we have that by

Weyl’s Inequality,

|λi(X1)− λi(X2)| ≤ ‖X1 −X2‖op.

Since |al − bl| ≤ l|a− b|(|a|l−1 + |b|l−1) for any a, b ∈ R and l ∈ N, we have

|TrX l
1 − TrX l

2| ≤
n∑
i=1

|λi(X1)l − λi(X2)l|
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3.3 Proof Sketch

≤
n∑
i=1

l|λi(X1)− λi(X2)| · (|λi(X1)|l−1 + |λi(X2)|l−1)

≤ l‖X1 −X2‖op · (‖X1‖l−1
Sl−1

+ ‖X2‖l−1
Sl−1

).

Thus

|t(Cl, X1)− t(Cl, X2)| = n−l|TrX1 − TrX2| ≤ ln−l · ‖X1 −X2‖op · (‖X1‖l−1
Sl−1

+ ‖X2‖l−1
Sl−1

).

As a corollary we have

|t(K3, X1)−t(K3, X2)| ≤ 3n−3‖X1−X2‖op·(‖X1‖2
HS+‖X2‖2

HS) ≤ 6n−1·‖X1−X2‖op. (3.1)

3.3 Proof Sketch

Recall Ip defined in (1.1), for a set E ⊂ Rd we define

Ip(E) := inf{Ip(x) : x ∈ E ∩ [0, 1]d}.

For a function h : [0, 1]d → R, let the super-level set

U(h, δ) = {x ∈ [0, 1]d : h(x) ≥ δ}.

Let µp be the product Bernoulli(p) measure on An. Fix a graph H, recall that the

homomorphism counting function tH : An → R, we then have

Ip(U(tH , (1 + δ)p|E(H)|) = φ(H,n, p, δ). (3.2)

The goal is to estimate µp(U(tH , (1 + δ)p|E(H)|)).

For the lower bound, the proof essentially follows similar tilting argument as in section

2.4.2 thus we focus on the upper bound. The strategy is that, instead of covering the

space with weakly closed set in the dense case where classical large deviation theory gives

an upper bound in Equation (2.8), they cover the space with convex sets where we have

the following upper bound.
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3.3 Proof Sketch

Proposition 3.3.1 (Equation (4.5.6) and Exercise 2.2.23(b) in [15]). For any closed

convex set K ⊂ Rd,

µp(K) ≤ exp(−Ip(K)).

After finding a covering, a union bound would give us the following upper bound.

Proposition 3.3.2. Let h : [0, 1]d → R. Suppose there is a finite family {Bi}i∈I of closed

convex sets in Rd, and an “exceptional” set E ∈ {0, 1}d and ε > 0 such that

{0, 1}d \ E ⊂ ∪i∈IBi and ∀i ∈ I,∀x, y ∈ Bi, h(x)− h(y) ≤ ε.

Then for any p ∈ [0, 1] and λ ∈ R,

µp(U(h, λ)) ≤ |I| exp
(
− Ip(U(h, λ− ε)

)
+ µp(E).

So the more precise proof strategy is to find an efficient covering of Xn by convex sets

{Bi} so that µp(E) is small for the uncovered exceptional set E and the function tH does

not fluctuate much within each Bi. To achieve this, they establish a spectral regularity

lemma and counting lemma inspired from the spectral proof of the classical regularity

lemma [19,31].

A notable feature is that compared to the the cut norm d� in the classical regularity

lemma on W, they use the operator norm ‖ · ‖op on matrices.

Proposition 3.3.3 (Spectral regularity lemma). For some absolute constant C∗ < ∞,

any δ0 < 1, K,∆ > 0, n−1 log n ≤ p ≤ 1 and n ≥ k ≥ K(p∆/δ2
0) log(1/p), there exists a

partition An = ∪Ni=1Ei such that

logN ≤ k(n+ 2) log
3n

δ0

, (3.3)

µp(E) ≤ 4 exp(−Kn2p∆ log(1/p)), (3.4)

and for each 1 ≤ i ≤ N , there exists Yj ∈ Symn,k(R) ∩ BHS(n) with

max
X∈Ei
{‖X − (p · A(Kn) + Yj)‖op} ≤ C∗(

√
np+ δ0n), (3.5)

recall that Kn is the clique on n vertices.
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3.3 Proof Sketch

Equation (3.3) upper bounds the number of coverings, corresponding to the constant

“K” in the original regularity lemma of Theorem 2.2.3. Equation (3.4) upper bounds the

probability of the exceptional set E, corresponding to the condition “|V0| ≤ εn” in the

regular partition. Equation (3.5) essentially says that each X could be approximated by

low rank matrices in spectral norm.

Essentially, their regularity lemma gives a covering ∪Bop(Yi, ε) with operator norm of

the adjacency matrix. Then a corresponding spectral counting lemma (whose precise

statement we defer later to Proposition 3.3.5) like Lemma 3.2.1 gives a bound of |tH(X1)−

tH(X2)| for X1, X2 ∈ Bop(Y, ε). Combining these two we can apply Proposition 3.3.2 to

get the desired upper bound. In the next subsection, we illustrate the main idea with

H = K3.

3.3.1 Illustration with K3.

We illustrate the main idea by proving the following weak form of Theorem 3.1.1 for the

case of triangles.

Proposition 3.3.4. If p = p(n) satisfies n−1 log n� p8 � 1 then for any δ > 0,

ζ(K3, n, p, δ) = −(1 + o(1))φ(K3, n, p, δ + o(1)).

Proof. Let ε > 0 be chosen later. Proposition 3.3.3 gives a set N ⊂ Xn of sizeO(ε−2n log n)

so that for each X ∈ Xn, there is Y ∈ N such that ‖X − Y ‖op ≤ εn. To each Y ∈ N we

associate Bop(Y, εn). For any X1, X2 ∈ Bop(Y, εn), by (3.1) and triangle inequality,

|tK3(X1)− tK3(X2)| ≤ 6n−1 · (‖X1 − Y ‖op + ‖X2 − Y ‖op) ≤ 12ε.

Pick ε = o(p3), by Proposition 3.3.2 with {Bi}i∈I = {Bop(Y, εn)}Y ∈N and E = ∅,

P(t(K3, G) ≥ (1 + δ)p3) = µp
(
U(tK3 , (1 + δ)p3)

)
≤ |N| exp(−Ip(U(tK3 , (1 + δ)p3 − 12ε)))

= |N| exp(−Ip(U(tK3 , (1 + δ)p3 − o(p3)))) = |N| exp(−φ(K3, n, p, δ − o(1))).
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3.3 Proof Sketch

When p� (log n/n)1/8, by Theorem 1.17 the main term dominates, so we have

ζ(K3, n, p, δ) = logP(t(K3, G) ≥ (1 + δ)p3) ≤ −φ(K3, n, p, δ − o(1)) + log |N|

= −(1 + o(1))φ(K3, n, p, δ − o(1)).

3.3.2 Spectral counting lemma and refined argument

With a simple version for cycle counts given in Lemma 3.2.1, we now introduce their

general spectral counting lemma. For a graph H, we use F 4 H to mean that F is an

induced subgraph of H(i.e. F = H[V ′] for some V ′ ⊂ V (H)) and F ≺ H if F 4 H and

F 6= H. Let LH(λ) := {X ∈ Xn : tH(X) ≤ λpeH )}, the following counting lemma shows

that for any H and K = O(1), after localizing to a region B that is near all sub-level sets

LF (K) with F ≺ H, the function tH is OH(peH−∆∗/n)-Lipschitz on (Xn, ‖ · ‖op).

Proposition 3.3.5 (Spectral counting lemma). Given p ∈ (0, 1), n ∈ N and K ≥ 1 ≥ ε0,

for any graph H with ∆∗(H) ≤ ∆∗ and any convex set B ⊂ Xn satisfying

B ∩ LF (K) 6= ∅,∀F ≺ H,

sup
X,Y ∈B

{‖X − Y ‖op} ≤ ε0np
∆∗ ,

we have that for all F 4 H,

sup
X,Y ∈B

{|tF (X)− tF (Y )|} ≤ CHε0K

for a constant CH <∞ depending only on H.

Note that in our illustration with K3, we take the exceptional set E to be empty.

In their refined argument, they take E to consist of matrices with too many outlier

eigenvalues to get a wider range of p.
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Chapter 4

Combinatorial reduction via entropic

stability

4.1 Introduction

A framework for proving sharp asymptotics for the upper tail of general polynomials of

Bernoulli random variables was introduced in [21]. Let x = (x1, ..., xn) where the xis

are independent Ber(p). For a random variable X = f(x), they defined a combinatorial

optimization problem

ΦX(δ) = min{|I| log(1/p) : I ⊂ [n] and EI [X] ≥ (1 + δ)E[X]}. (4.1)

where EI [X] = E[X|xI = 1]. Recalling the upper tail for subgraph counts R in (1.8), they

proved the following theorem on reducing the upper tail to the combinatorial optimization

problem Φ in (4.1).

Theorem 4.1.1 (Theorem 1.5 in [21]). For every ∆ ≥ 2, every connected, nonbipartite,

∆-regular graph H and all positive real number δ, suppose that we have n−1(log n)v
2
H∆ �

p∆/2 � 1, then we have

R(H, δ, n, p) = −(1 + o(1))Φ(H, δ + o(1), n, p).

Additionally, if p∆/2 � n−1/2−o(1), then the nonbipartite assumption is not necessary.

Remark 4.1.2. They showed that Φ and the variational optimization problem φ has the
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4.1 Introduction

same asymptotic solution. It is clear that Φ ≥ φ since the core graph G can be extended

to an element G in Gn by setting the weights of edges outside G to be p. We then have

eG log(1/p) = Ip(G) and |Hom(H,G)| � EG[N(H,G′)]. The lower bound is given by the

clique and hub construction in Chapter 5.

Just like the works of [11] and [12] introduced in Chapters 2 and 3, their method is

also based on covering. The difference is that instead of covering the whole space Xn they

get a more efficient covering of the large deviation events with certain “near optimizers”

of Φ, which they call cores. Just like the union bound used in [11] and [12] they showed

that the random variable X satisfies a large deviation principle with rate function Φ if

the number of cores have a certain upper bound, a property they call entropic stability.

They proved the following theorem which we will apply later in Chapter 6 when proving

our result about hypergraphs.

Theorem 4.1.3 (Theorem 3.1 in [21]). For every integer d and all positive real numbers

ε and δ with ε < 1/2. there is a positive K = K(d, ε, δ) such that the following holds. Let

Y be a sequence of N independent Ber(p) random variables for some p ∈ (0, 1 − ε] and

let X = X(Y ) be a nonzero polynomial with nonnegative coefficients and total degree at

most d such that ΦX(δ − ε) ≥ K log(1/p). Denote by I∗ the collections of all subsets of

I ⊂ [N ] such that

(C1) EI [X] ≥ (1 + δ − ε)E[X],

(C2) |I| ≤ K · ΦX(δ + ε), and

(C3) mini∈I(EI [X]− EI\{i}[X]) ≥ E[X]/(K · ΦX(δ + ε))

and assume that for every m ∈ N, there are at most (1/p)εm/2 sets of size m in I∗. Then

(1− ε)ΦX(δ − ε) ≤ − logP(X ≥ (1 + δ)) ≤ (1 + ε)ΦX(δ + ε)

Remark 4.1.4. The elements of I∗ are referred to as cores and the property |{I ⊂ I∗ :

|I| = m}| ≤ (1/p)εm/2 is called entropic stability.

Based the work of [21], [2] further improved this to all cycles Cl. To verify that a

random variable satisfies the entropic stability property is problem specific and in order

to do so for the subgraph count problem, they use many non trivial results from graph
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4.2 Notations

theory. In the next section, we are going to sketch how their framework is applied to the

subgraph count problem.

4.2 Notations

Let Emb(H,G) = {f ∈ Hom(H,G), f is injective} be the set of graph embeddings and

Emb(H,G; e, e′) be the set of embeddings that maps the edge e of H to the edge e′ of G.

For vertices u, v ∈ V (G), degG(u, v) is the number of vertices w so that (u,w), (v, w) ∈

E(G).

4.3 Illustration with K3

In this section, we give a self-contained illustration of the main idea with H = K3.

Essentially, Theorem 4.1.3 established a general framework relating upper tail probability

to the existence of cores (see Claim 1 below and the proof for general Bernoulli random

variables is similar). To apply such framework, the main task is to bound the number of

cores (see Claim 2 below), which is problem specific. Letting X be the random variable

N(K3, Gn,p), we prove the following.

Proposition 4.3.1. Assume that n−1 log n � p � 1, for every δ > 2ε > 0 and suffi-

ciently large n,

(1− ε)ΦX(δ − ε) ≤ − logP(X ≥ (1 + δ)E[X]) ≤ (1 + ε)ΦX(δ + ε).

The upper bound is by the construction of cliques and hubs in Chapter 5 and here

we focus on the lower bound. Let C = C(ε, δ) be a constant chosen later. Similar to

Theorem 4.1.3, a graph G∗ ⊂ Kn is a core if

(C1) EG∗ [X] ≥ (1 + δ − 2ε)E[X],

(C2) eG∗ ≤ Cn2p2 log(1/p),

(C3) mine∈E(G∗)(EG∗ [X]− EG∗\e[X]) ≥ εE[X]/(Cn2p2 log(1/p)).

The proof strategy is to first upper bound the upper tail probability by the existence of

a core and then bound the probability of a core using entropic stability. Specifically we
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4.3 Illustration with K3

prove the following two claims.

Claim 1. P(X ≥ (1 + δ)E[X]) ≤ (1 + ε)P(Gn,p contains a core).

Claim 2. For every m, there are at most (1/p)εm cores with m edges.

First we see how these two claims will yield the upper bound. We have

P(X ≥ (1 + δ)E[X]) ≤ (1 + ε)P(Gn,p contains a core)

≤ (1 + ε)
∞∑
m=0

pm · |{G∗ ⊂ Kn : eG∗ = m}|

≤ (1 + ε)
∞∑

m=mmin

p(1−ε)m,

where mmin is the minimal number of edges a core can have. (C1) implies ΦX(δ − 2ε) ≤

mmin · log(1/p), together with the assumption p� 1 gives

P(X ≥ (1 + ε)E[X]) ≤ (1 + ε) exp(−(1− 2ε)ΦX(δ − 2ε)).

Finally, since ΦX(δ − 2ε)� 1,

− logP(X ≥ (1 + δ)E[X]) ≥ (1− 2ε)ΦX(δ − 2ε),

thus proving the lower bound with 2ε instead of ε. Now we prove the two Claims.

Proof of Claim 1

The idea is to start from the following simpler seed graph which is easier to relate to the

upper tail probability and arrive at a core graph by gradually removing edges from the

seed graph. A graph G ⊂ Kn is a seed if

(S1) EG[X] ≥ (1 + δ − ε)E[X]

(S2) eG ≤ Cn2p2 log(1/p).

First we show that every seed contains a core. Let G be any seed and let G0 =

G. For each Gi, let Gi+1 = Gi \ e for some e ∈ Gi such that EGi [X] − EGi\e[X] <

εE[X]/(Cn2p2 log(1/p)) as long as such e exists. Suppose this process stop at G∗ = Gs.

We now have that G∗ is a core. (C3) is clearly satisfied by construction and (C2) is

satisfied since eG∗ ≤ eG ≤ Cn2p2 log(1/p). For (C1), since s ≤ eG ≤ Cn2p2 log(1/p), we
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4.3 Illustration with K3

have

EG[X]− EG∗ [X] =
s−1∑
i=0

(EGi [X]− EGi+1
[X]) < εE[X].

Thus EG[X] ≥ (1 + δ − 2ε)E[X] and (C1) is satisfied as well. To prove Claim 1, now it

suffices to show that

P(X ≥ (1 + δ)E[X]) ≤ (1 + ε)P(Gn,p contains a seed). (4.2)

To show this, they employed a high moment argument. This is a refinement of the classical

arguments in [22]. Let Z = 1Gn,p does not contain a seed and let l = d(C/3)n2p2 log(1/p)e. By

Markov’s Inequality

P(X ≥ (1 + δ), Gn,p contains no seed) = P(XZ ≥ (1 + δ)E[X]) ≤ E[X lZ]

(1 + δ)lE[X]l
. (4.3)

To upper bound the right hand side, we show by induction that E[X lZ] < (1+δ−ε)lE[X]l.

Writing X as X =
∑

T YT where the sum ranges over all triangles T in Kn and YT =

1{T⊂Gn,p}. For every G ⊂ Kn, let ZG = 1{G∩Gn,p does not contain a seed}. We have ZG′ ≤ ZG if

G ⊂ G′. Since Z = ZKn , we have for every k ∈ [l],

E[XkZ] =
∑

T1,...,Tk

E[YT1 ...YTk · Z] ≤
∑

T1,...,Tk

E[YT1 ...YTk · ZT1∪...∪Tk ]

≤
∑

T1,...,Tk−1

E[YT1 ...YTk−1
· ZT1∪...∪Tk−1

] ·
∑
Tk

E[YTk |YT1 ...YTk−1
· ZT1∪...∪Tk−1 = 1].

The key observation here is that we only need to sum over T1, ..., Tk−1 such that the

event {YT1 ...YTk−1
· ZT1∪...∪Tk−1

= 1} has positive probability, equivalent to saying that

T1 ∪ ... ∪ Tk−1 does not contain a seed. Let Hk = T1 ∪ ... ∪ Tk, we then have

∑
Tk

E[YTk |YT1 ...YTk−1
· ZT1∪...∪Tk−1

= 1] =
∑
Tk

E[YTk |YT1 ...YTk−1
= 1] = EHk−1

[X].

Note that Hk−1 does not contain a seed and

eHk−1
≤ 3(k − 1) ≤ 3(l − 1) ≤ Cn2p2 log(1/p)
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4.3 Illustration with K3

thus EHk−1
[X] < (1 + δ − ε)E[X] and we have the following recursive expression

E[XkZ] ≤
∑

T1,...,Tk

E[YT1 ...YTk ·ZT1∪...∪Tk ] ≤ (1+δ−ε)E[X]·
∑

T1,...,Tk−1

E[YT1 ...YTk−1
·ZT1∪...∪Tk−1

],

which gives E[X lZ] < (1 + δ − ε)lE[X]l. Substituting this back to (4.3) we have

P(X ≥ (1 + δ) and Gn,p contains no seed) ≤ (
1 + δ − ε

1 + δ
)l.

On the other hand,

εP(Gn,p contains a seed) ≥ ε exp(−ΦX(δ − ε)) ≥ exp(−(1 + δ)2/3n2p2 log(1/p)/2)

≥ (
1 + δ − ε

1 + δ
)(C/3)n2p2 log(1/p) ≥ (

1 + δ − ε
1 + δ

)l.

Combining the two bounds yields Claim 1.

Proof of Claim 2

Note that condition (C3) tells us that each edge of a core graph appears in a significant

amount of triangle embeddings. This condition will imply a high degree condition on the

vertices of G∗. By the bound on the number of high degree vertices, we can have a bound

on the number of possible core graphs. Let G∗ be a core graph and e be an arbitrary

edge of G∗. We then have

ε(1− o(1))n3p3/(6Cn2p2 log(1/p)) ≤ εE[X]/(Cn2p2 log(1/p)) ≤

EG∗ [X]− EG∗\e[X] ≤ (N(K3, G
∗; e) +N(K1,2, G

∗; e) · p+ np2) · (1− p),

which implies that

εnp

7C log(1/p)
≤ N(K3, G

∗; e) +N(K1,2, G
∗; e) · p+ np2.

Thus either

N(K3, G
∗; e) ≥ εnp

15C log(1/p)
or N(K1,2, G

∗; e) ≥ εn

15C log(1/p)
. (4.4)

Let A be the set of vertices of G∗ with degree at least εnp/(30C log(1/p))) and B be the
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4.4 Entropic stability of N(H,Gn,p)

set of vertices with degree at least εn/(30C log(1/p)). Equation (4.4) implies that every

edge of G∗ is either contained in A or has an endpoint in B. Note that

|A| ≤ a :=
60Cm log(1/p)

εnp
and |B| ≤ b :=

60Cm log(1/p)

εn

Thus the number of cores with m edges is at most

(
n

a

)(
n

b

)(
a2/2 + bn

m

)
≤ (1/p)εm

for large enough C.

4.4 Entropic stability of N(H,Gn,p)

In this section we illustrate how the entropic stability property could be established for

more general graphs using the example H = Kk. Note that when letting f to be the

graph counting function for H in Gn,p, (4.1) is exactly Φ(H, δ, n, p) in (1.15) and a core I

corresponds to a core subgraph G∗. In order to apply Theorem 4.1.3, it suffices to verify

the entropic stability property, that is to bound the number of core graphs G∗. In order

to achieve this, they showed some limitations on the structure of G∗. They proved that

every edge (u, v) ∈ E(G∗) has to satisfy certain large degree condition. Specifically, they

showed the following claim.

Claim 4.4.1. There exists a positive constant η = η(δ,H,K) such that for every core

subgraph G∗ and every edge (u, v) ∈ E(G∗), we have that either

degG∗(u, v) ≥ ηnp(k−1)/2

(log(1/p))1/(k−2)
or degG∗(u) + degG∗(v) ≥ ηn

log(1/p)
.

From this claim we are able to establish that G∗ has to come from a small set of large

degree vertices, thus bounding the number of cores effectively. Now we sketch how they

proved this claim.

Note that condition (C3) in Theorem 4.1.3 tells us that each vertex has lots of embeddings

containing it. By a simple averaging argument and the upper bound of Φ using the

construction in Section 5.2, we have that for each edge (u, v), there exists a nonempty

subgraph J ⊂ Kk with no isolated vertices, an edge ab ∈ E(J) and a constant γ = γ(r, δ)
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4.4 Entropic stability of N(H,Gn,p)

such that

|Emb(J,G∗; ab, uv)| ≥ γ · nvJ−2peJ−r+1/ log(1/p). (4.5)

The next step is to upper bound the left hand side using degG∗(u, v). The following

classical result is due to Alon [1].

Lemma 4.4.2. Let Cl denote the cycle of length l. For every l ≥ 3 and every graph G,

|Emb(Cl, G)| ≤ (2eG)l/2.

Let Jab be the induced graph after removing edges incident to a, b, we have the fol-

lowing graph decomposition results.

Definition 4.4.3. A fractional independent set of a graph J is an assignment α : V (J)→

[0, 1] that satisfy αu + αv ≤ 1 for every edge (u, v) ∈ E(J). The fractional independence

number, denoted by α∗J is the maximum of
∑

v∈V (J) αu among all fractional independent

sets of J .

Lemma 4.4.4. For every graph J with fractional independence number α∗J , it admits a

partition V (J) = V1 ∪ V2 such that |V1|/2 + |V2| = α∗J and V1 can be covered by vertex

disjoint edges and cycles of J .

In order to provide an upper bound, they first decomposed Jab into disjoint edges and

cycles with the Lemma 4.4.4 and then used Lemma 4.4.2. Specifically, choose a partition

of Jab that maximizes the cardinality of the set X = {c ∈ V2 : ac, bc ∈ E(J)}. Let

v1 = |V1|, v2 = |V2| and x = |X|, we then have

|Emb(J,G∗; ab, uv)| ≤ 2 · degG∗(u, v)x · (eG∗)v1/2 ·min{eG∗ , n}v2−x. (4.6)

Combine (4.5) and (4.6) we will be able to get a lower bound on the degrees of u, v after

some other graph analysis that we skip here.
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Chapter 5

Solving the variational problem

5.1 Introduction

In this chapter we outline the work of [3] on solving the variational problem in the sparse

regime. In Equation (1.17) of Chapter 1 we introduced the solution given by [29] when

H = K3. [3] extended this and solved the variational problem for a general graph H

with ∆(H) ≥ 2 (note that the case of ∆(H) = 1 is nothing but the large deviation for

the sum of Bernoulli random variables treated in Example 1.2.1). The result for general

H surprisingly involves the following notion of independence polynomial.

Definition 5.1.1. The independence polynomial of a graph H is defined to be

PH(x) :=
∑
m

iH(m)xm

where iH(m) is the number of m-element independent sets in H.

Definition 5.1.2. For a graph H with maximum degree ∆, let S = {v ∈ V (H) : deg(v) =

∆}, define H∗ := H[S] to be the induced graph on these max degree vertices.

Letting θ(H, δ) be the unique positive solution to PH∗(θ) = 1+δ, this gives the leading

constant in the upper tail for t(H,Gn,p).

Theorem 5.1.3. Let H be a fixed connected graph with maximum degree ∆ ≥ 2. For
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5.2 Upper bound construction

any fixed δ > 0 and n−1/∆ � p� 1,

lim
n→∞

φ(H,n, p, δ)

n2p∆ log(1/p)
=

min{θ(H, δ), 1
2
δ2/vH} if H is regular,

θ(H, δ) if H is irregular.

(5.1)

We partly explain the appearance of the independence polynomial in the next section

by showing the upper bound construction.

5.2 Upper bound construction

The upper bound can be proved by exhibiting an explicit weighted graph G ∈ Gn with

t(H,G) ≥ (1+δ)peH and an upper bound on Ip(G) matching the expressions in Equation

(5.1). There are two constructions, clique and hub.

5.2.1 Clique construction for regular graph

Suppose H is ∆-regular and n−2/∆ � p � 1. Starting with all entries set to p , modify

G by setting aij = 1 whenever i, j ≤ s for some integer s ∼ δ1/vHp∆/2n. Then

Ip(G) ∼ 1

2
s2Ip(1) ∼ 1

2
δ2/vHp∆ log(1/p).

Now we show that t(H,G) ∼ (1 + δ)peH . Sum over all S ⊂ V (H) that gets mapped

to {1, ..., s} and hide the 1 + o(1) factor from those f : V (H) → V (G) that send two

adjacent vertices of H to the same vertex in G, we have

t(H,G) ∼ n−vH
∑

S⊂V (H)

s|S|(n− s)vH−|S|peH−eH[S]

=
∑

S⊂V (H)

(
s

n
)|S|(1− s

n
)vH−|S|peH−eH[S] ∼

∑
S⊂V (H)

(δ1/vHp∆/2)|S|peH−eH[S]

Since H is regular and connected, |S|∆/2− eH[S] > 0 for all S 6= ∅, V (H), in which cases

they contribute to a o(peH ) term. Thus t(H,G) ∼ (1 + δ)peH .

By a slight modification of s ∼ δ1/vHp∆/2n we get t(H,G) ≥ (1 + δ)peH , thereby showing

φ(H,n, p, δ) ≤ (1 + o(1))1
2
δ2/vHp∆ log(1/p).
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5.2 Upper bound construction

5.2.2 Hub construction for general graph

Suppose H has maximum degree ∆ and n−1/∆ � p � 1. For δ > 0, let θ = θ(H, δ).

Starting with G ≡ p ,modify G by setting aij = 1 whenever i ≤ s or j ≤ s for some

integer s ∼ θp∆n. Then

Ip(G) ∼ snIp(1) ∼ θn2p∆ log(1/p).

Now we show that t(H,G) ∼ (1+δ)peH . Sum over all subset S ⊂ V (H) that gets mapped

to {1, ..., s}, we have

t(H,G) ∼
∑

S⊂V (H)

(
s

n
)|S|(1− s

n
)vH−|S|peH[V \S] ∼

∑
S⊂V (H)

θ|S|p∆|S|+eH[V \S]

Recalling the induced graph H∗ defined in Definition 5.1.2 and eH(X, Y ) defined in (2.3),

we have

∆|S|+ eH[V \S] ≥ eH[S] + eH(S, V \ S) + eH[V \S] = eH

where equality holds only when S is an independent subset of H∗. Thus

t(H,G) ∼
∑

S is an independent set of H∗

θ|S|peH = PH∗(θ)p
eH = (1 + δ)peH .

By a slight modification of s ∼ θp∆n we have t(H,G) ≥ (1 + δ)peH , thereby showing

φ(H,n, p, δ) ≤ (1 + o(1))θn2p∆ log(1/p).

Letting a ∼ δ1/vH and b ∼ θp∆, the following figure is the graphon interpretation of the

clique and hub constructed above, with the blue region being 1 and the orange region

being p.

Figure 5.1 The clique graphon and hub graphon (Figure 3 in [3])
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5.3 Lower bound proof

5.3 Lower bound proof

In this section, we sketch the proof of the lower bound of φ using the example of H = K3.

The main idea is to first reformulate φ as a continuous optimization problem in the

graphon space and then apply the generalized Hölder’s inequality from functional analysis.

5.3.1 Graphon reformulation

Recall the space of graphon W̃ in Definition 2.1.5, the variational problem φ can be

extended as follows.

Definition 5.3.1. For a graph H, δ > 0 and 0 < p < 1, let

φ(H, p, δ) = inf{1

2
E[Ip(W )] : W ∈ W̃, t(H,W ) ≥ (1 + δ)peH},

where E[f(W )] :=
∫

[0,1]2

∫
f(W (x, y))dxdy.

φ(H,n, p, δ) and φ(H, p.δ) can be related by the following.

Lemma 5.3.2. For any n, we have φ(H,n, p, δ) ≥ n2φ(H, p, δ).

Thus it suffices to establish a lower bound on φ(H, p, δ). Specifically, we show that

φ(K3, p, δ) ≥ (1− o(1)) min{1

2
δ2/3,

1

3
δ}p2 log(1/p). (5.2)

To prove this inequality, a key ingredient is the following Finner’s inequality.

5.3.2 Finner’s inequality

The following generalization of Hölder’s inequality is due to Finner in [17].

Theorem 5.3.3 (Finner’s generalized Hölder’s inequality). Let µ1, ..., µn be probability

measures on Ω1, ...,Ωn respectively and let µ =
∏n

i=1 µi. For A ⊂ [n], let µA =
∏

j∈A µj

and ΩA =
∏

j∈A Ωj. Let A1, ..., Am be non-empty subsets of [n]. Let fi ∈ Lpi(ΩAi , µAi)

for each i ∈ [m], and further suppose that
∑

i:j∈Ai 1/pi ≤ 1 for all j ∈ [n]. Then

∫ m∏
i=1

|fi|dµ ≤
m∏
i=1

(

∫
|fi|pidµAi)1/pi . (5.3)
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5.3 Lower bound proof

The main proof idea is to first relate the left hand side of (5.3) to the homomorphism

counting function. To see the connection, let H be a graph on n vertices , each Ωi be the

unit interval and µi be the Lebesgue measure and let {A1, ..., Am} correspond to E(H).

Let f1 = ... = fn be the graphon W . Then the left hand side of (5.3) becomes t(H,W ).

Let ∆ be the maximum degree of H and let pi = ∆ for each i. For each j, we have

∑
i:j∈Ai

1

pi
=
deg(j)

∆
≤ 1.

Thus (5.3) becomes

t(H,W ) ≤ E[W∆]eH/∆. (5.4)

Note that this can be seen as a continuous analog of Lemma 4.4.2 for cycle counts and

Theorem 6.3.2 for general hypergraph counts. The second step is to lower bound E[Ip]

with the right hand side of (5.4). In the case of H = K3, ∆ = 2 and we require a

quadratic approximation of Ip.

5.3.3 Quadratic approximation of Ip

We now introduce some properties of Ip.

Property 1. Ip is convex and decreasing from 0 to p and increasing from p to 1.

Thus we can assume W ≥ p. Let U := W − p. Then

0 ≤ U ≤ 1− p and t(K3, p+ U) ≥ (1 + δ)p3.

Property 2. There is some p0 > 0 such that for every 0 < p ≤ p0,

Ip(p+ x) ≥ x2Ip(1− 1/ log(1/p)) ∼ x2Ip(1) for any 0 ≤ x ≤ 1− p.

This essentially gives a quadratic approximation of Ip(p+ x) and implies that

E[Ip(W )] = E[Ip(p+ U)] ≥ (1− o(1))

∫
[0,1]2

U(x, y)2dxdy log(1/p). (5.5)
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5.3 Lower bound proof

5.3.4 Degree thresholding

With the above quadratic approximation, now we shift our focus to lower bound E[U2].

The idea is to perform a degree threshold and bound the terms above and below the

threshold individually. The benefit of this is to account for the contributions coming

from the clique and the hub so that the Hölder’s inequality turns out to be tight for

each summand. For x ∈ [0, 1], let its normalized degree be d(x) :=
∫ 1

0
U(x, y)dy and

for b ∈ (0, 1], let Bb := {x : d(x) ≥ b} be the set of points with high degree. By the

upper bound construction in the previous section, it suffices to consider U such that

E[Ip(p+ U)] . p2Ip(1). We have the following property for such U .

Lemma 5.3.4. Let U be a graphon satisfying E[Ip(p+ U)] . p2Ip(1). Then

E[U ] . p3/2
√

log(1/p), (5.6)

and

E[U2] . p2, (5.7)

furthermore, if p = o(b) then

λ(Bb) .
p2

b
, (5.8)

where λ denotes the Lebesgue measure. Finally,

∫
B̄b

d(x)2dx . p2b. (5.9)

5.3.5 Proof of (5.2)

With the above preliminaries, we are ready to prove (5.2) and conclude the formula for

φ(K3, n, p, δ) in the sparse regime.

Proof of (5.2). Expanding t(K3,W ) we have,

t(K3,W )− p3 = t(K3, U) + 3pt(K1,2, U) + 3p2E[U ] ≥ δp3.

By (5.6) E[U ] = o(p), thus

t(K3, U) + 3pt(K1,2, U) ≥ (δ − o(1))p3. (5.10)
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5.3 Lower bound proof

By (5.8), for any p� b� 1− p we have

∫
Bb×Bb

U(x, y)2dxdy ≤ λ(Bb)
2 . p4/b2 � p2. (5.11)

By (5.6) and (5.8), for
√
p log(1/p)� b� 1,

∫
[0,1]3

U(x, y)U(y, z)U(x, z)1{x ∈ Bb or y ∈ Bb or z ∈ Bb}dxdydz ≤ 3λ(Bb)E[U ]� p3.

(5.12)

Let

θb := p−2

∫
Bb×B̄b

U(x, y)2dxdy and ηb := p−2

∫
B̄b×B̄b

U(x, y)2dxdy.

By (5.12) and Theorem 5.3.3 we have

t(K3, U) =

∫
B̄b×B̄b×B̄b

U(x, y)U(y, z)U(x, z)dxdydz + o(p3)

≤ (

∫
B̄b×B̄b

U(x, y)2dxdy)3/2 + o(p3) = (η
3/2
b + o(1))p3.

Similarly, by (5.9) and (5.11) and Cauchy-Schwarz inequality, for any p� b� 1,

t(K1,2, U) =

∫
Bb×B̄b×B̄b

U(x, y)U(x, z)dxdydz + o(p2) ≤ (θb + o(1))p2.

Combining the above two inequalities with (5.10) we have

3θb + η
3/2
b ≥ δ − o(1).

Thus by (5.5),

E[Ip(W )] = E[Ip(U)] ≥ (1− o(1))(θb +
1

2
ηb)p

2 log(1/p)

≥ (1− o(1)) min
x,y≥0, 3x+y3/2≥δ

(x+
1

2
y)p2 log(1/p) ∼ min{1

2
δ3/2,

1

3
δ}p2 log(1/p).

To prove the lower bound for general graphs, instead of fixing b as the above did, they

perform an adaptive thresholding where they adjust b according to U . For more details,

please refer to their original paper.
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Chapter 6

Generalization to sparse

hypergraphs

6.1 Introduction

In previous chapters we reviewed some works done in the setting of graphs. The next

natural challenge is to generalize these to hypergraphs. Recall that hypergraphs are gener-

alization of graphs where each edge can contain possibly more than 2 vertices. We restrict

our attention to r-uniform hypergraphs where each edge consists of exactly r vertices.

Let G
(r)
n,p be the r-uniform Erdős-Rényi random hypergraph on vertices [n] where each

r-element subset of [n] is an edge with probability p independently. Given an r-uniform

hypergraph H, the hypergraph homomorphisms Hom(H,G) and the homomorphism den-

sity function t(H,G) could be defined analogously as

Hom(H,G) = {f : V (H)→ V (G) : {f(v1), ..., f(vr)} ∈ E(G) for every {v1, ..., vr} ∈ E(H)},

t(H,G) =
|Hom(H,G)|

nvH
.

Let XH be the random variable t(H,G) where G ∼ G
(r)
n,p. As in the graph case, we are

interested in determining the asymptotics of the upper tail probability

ζ(r)(H,n, p, δ) = logP
(
XH ≥ (1 + δ)E[XH ]

)
.
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6.1 Introduction

The set of weighted graphs Gn generalizes to G
(r)
n , the set of functions from r element

subsets of [n] to [0, 1] (so that Gn = G
(2)
n ) and the homomorphism counting function

extends to G
(r)
n as

t(H,G) = n−vH
∑

f :V (H)→[n]

∏
{v1,...,vr}∈E(H)

G(f(v1), ..., f(vr)).

Similar to (1.13), the variational problem φ could be defined analogously as

φ(r)(H,n, p, δ) = min
G∈G(r)

n

{Ip(G) : t(H,G) ≥ (1 + δ)E[t(H,G)]}.

where Ip(G) =
∑

1≤a1<a2<...<ar≤n Ip(G(a1, ..., ar)).

Let YH be the random variable N(H,G). Similar to (1.8) and (1.15), the upper tail for

subgraph count R and the combinatorial optimization problem Φ are defined as

R(r)(H,n, p, δ) = logP(YH ≥ (1 + δ)E[YH ]),

Φ(r)(H,n, p, δ) = min{eG log(1/p) : G ⊂ K(r)
n and EG[YH ] ≥ (1 + δ)E[YH ]}

where EG[XH ] = E[t(H,G′)|G ⊂ G′]. When it is clear under context, we drop the “(r)”

superscript from ζ, φ,R,Φ.

We would like to follow a similar two step strategy.

Step 1: Reduce ζ or R to the variational problem φ or the combinatorial optimization

problem Φ.

Step 2: Solve the variational problem φ or combinatorial optimization problem Φ explic-

itly.

The work of [26] addresses step 2 for all hypergraph cliques K
(r)
k for r ≥ 3 and an-

other special 3-uniform hypergraph as shown in Figure 6.1. Specifically, they proved the

following.

Theorem 6.1.1 (Theorem 2.3 in [26]). Fix an r-uniform hypergraph H and a real δ > 0.

(a) If H = K
(r)
k for r ≥ 3, then for any n−1/(k−1

r−1) � p� 1 we have that

lim
n→∞

φ(H,n, p, δ)

nrp(
k−1
r−1) log(1/p)

= min{δ
r/k

r!
,

δ

(r − 1)!k
}.
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6.1 Introduction

(b) If H is the 3-graph in Figure 6.1, then for any n−1/2 � p� 1 we have that

lim
n→∞

φ(H,n, p, δ)

n3p2 log(1/p)
=

1

6
min{

√
9 + 3δ − 3,

√
δ}.

Figure 6.1 (Figure 1 in [26]) A 3-graph where dots denote vertices and each line denotes
an edge.

For step 1, they apply a general nonlinear large deviations result from [16], thus

obtaining an asymptotic for ζ in a narrower range of p. Instead we will be focusing on the

first step, that is to reduce the upper tail probability to the combinatorial optimization

problem Φ. We will achieve this for a special class of hypergraph cliques K
(k)
k+1. For

simplicity of the proof, we will use the subgraph count function N(H,G) instead of the

homomorphism count function t(H,G). We will prove Theorem 1.6.1, which we repeat

here.

Theorem 6.1.2. For fixed k ≥ 3 and p = p(n) such that n−1 log n� p� 1,

R(K
(k)
k+1, n, p, δ) = −(1 + o(1))Φ(K

(k)
k+1, n, p, δ + o(1)). (6.1)

Note that Φ and φ behave the same asymptotically at least for the range specified in

Theorem 6.1.1. To see this, for each G ⊂ G
(k)
k+1 we can construct G ∈ G

(k)
k+1 such that for

each e = (v1, ...vk),

G(v1, ..., vk) =

1, for e /∈ G,

p, for e ∈ G.

In the sparsity range of Theorem 6.1.1, the multiplicative difference between t(H,G) and

N(H,G) does not matter, then |Hom(H,G)| ∼ EG[N(H,G)] and Ip(G) = eG log(1/p).

Thus Φ(K
(k)
k+1, n, p, δ) ≥ φ(K

(k)
k+1, n, p, δ). Together with the clique and hub construction

from [26] which gives the same lower bound on Φ as on φ, we can conclude that φ and Φ
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6.2 Notations

have the same asymptotic. Combining it with Theorem 6.1.2 gives us the following.

Corollary 6.1.3. For H = K
(k)
k+1, if n−1/k � p� 1, then

lim
n→∞

P
(
N(H,G) ≥ (1 + δ)E[N(H,G)]

)
nkpk log(1/p)

= −min{δ
k/(k+1)

k!
,

δ

(k − 1)!(k + 1)
}.

In some sense, the range given in Theorem 6.1.1 is sub optimal since from what we

learnt in the graph case, the asymptotic should hold as long as φ→∞. Thus ignoring log

factors, the range should be n−1 � p, which we achieve in Theorem 6.1.2. We note that

any extension of the solution to the combinatorial optimization problem Φ to a wider

range of p than in Theorem 6.1.1 would immediately yield a corresponding improvement

in Corollary 6.1.3.

6.2 Notations

As in section 4.2, for a hypergraph H, let Emb(H,G) = {f ∈ Hom(H,G), f is injective}

be the set of graph embeddings and Emb(H,G; e, e′) be the set of embeddings that maps

the edge e of H to the edge e′ of G. For an r-uniform hypergraph G and v1, ..., vr−1 ∈

V (G), let degG(v1, ..., vr−1) = |{v : {v, v1, ..., vr−1} ∈ E(G)}|.

6.3 Proof of Theorem 6.1.2

It suffices to prove the following proposition.

Proposition 6.3.1. Let k ≥ 3 and H = K
(k)
k+1. For all positive δ > 0 and ε <

min{δ, 1/2}, there exists a positive constant C such that the following holds. Suppose

an integer n and p ∈ (0, 1) satisfy Cn−1 log n ≤ p ≤ 1/C, then

(1− ε)Φ(H,n, p, δ − ε) ≤ −R(H,n, p, δ) ≤ (1 + ε)Φ(H,n, p, δ + ε).

We will prove this with the entropic stability framework (in particular Theorem 4.1.3)

established by [21]. The main idea is that every vertex of the core graph has to satisfy

certain lower bound on the vertex degree, so we are able to construct a small set of

induced hypergraphs from which the edges come from. This enables us to bound the
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6.3 Proof of Theorem 6.1.2

number of cores.

First we introduce some results that lets us upper bound the number of sub-hypergraphs.

Recall the fractional independence number α∗ in Definition 4.4.3 which can be analogously

defined for hypergraphs. The asymptotic order of N(H,G) in terms of α∗ was established

in [18].

Theorem 6.3.2 (Theorem 1.1 in [18]). For any hypergraph H, we have

max{N(H,G) : eG = l} = Θ(lα
∗
H ).

Lemma 6.3.3. For k ≥ r and H = K
(r)
k , we have α∗H = k

r
.

Proof. Let V (H) = [k] and consider the assignment α such that α(i) = 1
r

for every i ∈ [k].

This is a valid assignment so α∗H ≥ k
r
. On the other hand, for any valid assignment α

and e ∈ E(H), let α(e) =
∑

v∈e α(v), then

eH ≥
∑

e∈E(H)

α(e) =
∑

v∈V (H)

α(v) · |{e ∈ E(H) : v ∈ e}| =
(
k − 1

r − 1

) ∑
v∈V (H)

α(v).

Thus

α∗H ≤
eH(
k−1
r−1

) =

(
k
r

)(
k−1
r−1

) =
k

r
,

so we can conclude that α∗H = k
r
.

Combining Theorem 6.3.2 and Lemma 6.3.3 we have the following corollary.

Corollary 6.3.4. max{N(K
(k)
k+1, G) : eG = l} . l

k+1
k .

In the next lemma, we give some crude control on Φ in a range wider than Theo-

rem 6.1.1 which is needed later in our proof.

Lemma 6.3.5. Let H = K
(k)
k+1. For n−1 log n ≤ p� 1 we have

(np)1/(k+1) log(1/p) . Φ(H,n, p, δ) . nkpk log(1/p).

Proof. Suppose G ⊂ K
(k)
n satisfies EG[YH ] ≥ (1+δ)E[YH ]. By summing over all nonempty

subgraph J ⊂ H without isolated vertices, we have

EG[YH ]− E[YH ] ≤
∑
∅6=J⊂H

N(J,G)nk+1−vJpk+1−eJ ≤ 2k+1 · max
∅6=J⊂H

eeJG · n
k+1−vJpk+1−eJ
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≤ (2eG)k+1 · nk+1pk+1

min∅6=J⊂H nvJpeJ
≤ (2eG)k+1 · nk+1pk+1

min∅6=J⊂H nvJpvJ

where the last inequality is due to the fact that for every J ⊂ H we have vJ ≥ eJ . Since

E[YH ] � nk+1pk+1 we have that eG & (np)1/(k+1), which gives us the lower bound on Φ.

Next, consider a graph G ⊂ K
(k)
n to be a clique of size b(1 + δ)

1
k+1npc which contains at

least (1 + δ)E[YH ] copies of H. We then have

Φ(H,n, p, δ) ≤ eG log(1/p) . nkpk log(1/p).

Now we are ready to prove our main proposition.

Proof of Proposition 6.3.1

Let G∗ be a core graph and K be the constant given in Theorem 4.1.3. Recall that a core

graph G∗ ∈ K(k)
k+1 satisfies

(C1) EG∗ [YH ] ≥ (1 + δ − ε)E[YH ]

(C2) eG∗ ≤ K · Φ(K
(k)
k+1, n, p, δ + ε)

(C3) mine∈E(G∗)(EG∗ [YH ]− EG∗\e[YH ]) ≥ E[YH ]/(K · Φ(K
(k)
k+1, n, p, δ + ε))

By Lemma 6.3.5 we can also choose the constant C from Proposition 6.3.1 large enough

so that Φ(H,n, p, δ − ε) � K log(1/p). By the entropic stability framework established

in Theorem 4.1.3, the proposition would be implied by the following lemma that gives

the upper bound on the number of core graphs G∗.

Lemma 6.3.6. Assuming Cn−1 log n ≤ p ≤ 1/C for C = C(δ, ε) sufficiently large, the

number of cores with m edges is at most (1/p)εm/2.

Proof. From condition C3, for every edge e ∈ E(G∗) we have

EG∗ [YH ]− EG∗\e[YH ] ≤
∑
∅6=J⊂H

N(J,G∗; e) · nk+1−vJpk+1−eJ ,

where J ranges over all nonempty subgraph of H with no isolated vertices(recalling the

notation N(J,G; e) from Section 6.2). It follows that there is a subgraph ∅ 6= J ⊂ H and
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e′ = {v1...vk} ∈ E(J) and constants γ′ = γ′(k) so that

|Emb(J,G∗; e′, e)|
nvJpeJ

≥ γ′E[YH ]

KΦ(H,n, p, δ + ε)nk+1pk+1
.

By Lemma 6.3.6, there is a constantK ′ = K ′(δ) so that Φ(H,n, p, δ+ε) ≤ K ′nkpk log(1/p).

Combined with the fact that E[YH ] ∼ nk+1pk+1, there is a constant γ = γ(k) so that

Emb(J,G∗; e, e′)

nvJpeJ
≥ γ

KK ′nkpk log(1/p)
.

Thus

|Emb(J,G∗; e, e′)| ≥ γ

KK ′
· n

vJ−kpeJ−k

log(1/p)
. (6.2)

Since J is a nonempty subset of edges we have vJ ≥ k. If vJ = k we then have eJ = 1.

Then

1 = |Emb(J,G∗; e, e′)| ≥ γ

KK ′
· (1/p)k−1

log(1/p)
.

By letting C large enough and p → 0 we get a contradiction. Thus vJ = k + 1 and

we get a similar contradiction if eJ < k since fixing an edge of k vertices we only have

one vertex left to embed and thus |Emb(J,G∗; e, e′)| ≤ n. So J is either J1 := K
(k)
k+1 or

J2 := K
(k)
k+1 \ e′′ for some edge e′′. Without loss of generality, let V (J) = {v, v1, ..., vk}

and e′′ = {v, v2, ..., vk}. Substituting J1 and J2 into (6.2) we get the following claim.

Claim 6.3.7. For every edge e ∈ E(G∗), either

Emb(J1, G
∗; e′, e) ≥ x :=

γ

KK ′
· np

log(1/p)

or

Emb(J2, G
∗; e′, e) ≥ y :=

γ

KK ′
· n

log(1/p)
.

Consider the following induced k − 1 uniform hypergraphs F1 = F1(G∗) and F2 =

F2(G∗) such that V (F1) = V (F2) = {1, ..., n} and {i1, ..., ik−1} ∈ E(F1) if degG∗(i1, ..., ik−1) ≥

x and (i1, ..., ik−1) ∈ E(F2) if degG∗(i1, ..., ik−1) ≥ y. Let η = γ
KK′

, then we have

e(F1) ≤ km

x
=
km log(1/p)

ηnp
, e(F2) ≤ km

y
=
km log(1/p)

ηn
.

Thus {v1, ..., vk} ∈ E(G∗) implies that they either form a K
(k−1)
k in F1 or contain an edge
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in F2. Letting Nm be the number of cores with m edges, we have

Nm .

(( n
k−1

)
eF

)(( n
k−1

)
eH

)(
N(K

(k−1)
k , F1) + e(F2) · n

m

)
.

Now we bound the terms separately, we have

log

(( n
k−1

)
eF1

)
≤ log n(k−1)eF1 =

(k − 1)k log n

ηnp
·m log(1/p) ≤ (k − 1)k

ηC
·m log(1/p),

and similarly

log

(( n
k−1

)
eF2

)
≤ n(k−1)eF2 =

(k − 1)k log n

ηn
·m log(1/p) = o(m log(1/p)).

By condition (C2) we have

m = eG∗ ≤ KK ′nkpk log(1/p)

and by Corollary 6.3.4 we have N(K
(k−1)
k , F1) . e

k
k−1

F1
. Thus

log

(
N(K

(k−1)
k , F1)

m

)
. m log

e
k
k−1

F1

m
. m log

m
k
k−1 log(1/p)

k
k−1

mn
k
k−1p

k
k−1

= m log
m

1
k−1 log(1/p)

k
k−1

n
k
k−1p

k
k−1

. m log
n

k
k−1p

k
k−1 log(1/p)

n
k
k−1p

k
k−1

= m log log(1/p) = o(m log(1/p)),

and

log

(
eF2 · n
m

)
. m log

eF2 · n
m

≤ m log

km log(1/p)
ηn

· n
m

. m log log(1/p) = o(m log(1/p)).

Combining the above bounds we have that logNm ≤ ε
2
m log(1/p) for sufficiently large C

and thus the lemma is proved.

Letting ε→ 0 in Proposition 6.3.1 gives Theorem 6.1.2.
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6.4 Speculations about general hypergraphs

Lower bounds for the number of restricted graph embeddings |Emb(J,G∗; e′, e)| like (6.2)

also hold for general hypergraphs. Thus the entropic stability property can be shown by

giving an upper bound of |Emb(J,G∗; e′, e)| in terms of the degree of the vertices of e. To

achieve this in the graph case, [21] relies heavily on tools from graph theory, especially

Lemma 4.4.4 on the decomposition of certain parts of the graph into disjoint edges and

cycles. Lemma 4.4.4 implies that the fractional independence number α∗ of a graph is a

half-integer. For hypergraphs, we have the following theorem from [20].

Theorem 6.4.1 (Theorem 3.1 in [20]). For any rational p/q ≥ 1, there is a 3-uniform

hypergraph H with τ ∗(H) = p/q where τ ∗ stands for the fractional vertex covering number.

The above result seems to suggest that Lemma 4.4.4 may not generalize easily to hy-

pergraphs since the fractional independence number α∗ of an r-uniform hypergraph may

not be of the form k
r

for integer k. So in order to show entropic stability property for gen-

eral hypergraphs, it may be necessary to develop a new set of hypergraph decomposition

results.
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